The Laughlin function of quantum Hall effect is shown to satisfy Hirota's bilinear difference equation with certain coefficients a little different from the KP hierarchy. Vertex operators which constitute blocks of solutions generate a Bäcklund transformation. Besides the Laughlin function, the equation admits soliton solutions.
The experimental discovery [1] [2] of the integer and of the fractional quantum Hall effect (QHE) [3] provided us a fascinating object of study in various fields. For example, due to the exact quantization of plateaux this phenomenon is utilized to determine the fine structure constant α precisely. Many authors have tried to clarify the mechanism of the QHE which can never be understood at the semi-classical level. The picture of incompressible quantum fluid by Laughlin [4] is the basis in understanding the existence of plateaux in the Hall conductivity. As the excitation the quasi-hole or the quasi-particle is yielded. The remarkable thing is that they obey the fractional statistics. They are expressed as composite particles with some flux quanta in the Chern-Simons gauge theory [5] . Their collective motion is analyzed by the mean field theory with random phase approximation, collective field theory [6] , and so on. Then, this composite object picture plays an important role in the hierarchy problem by Jain [7] , which is different interpretation from that by Haldane [8] and Halperin [9] . Fubini pointed out the similarity between Laughlin's wave function and the Veneziano amplitude introduced in the theory of particle physics [10] [11] . He described the wave function in terms of the vertex operator of particle-string interaction. Together with the work by Moore and Read [12] it became the starting point of investigating the QHE by using the conformal field theory.
In this article we shall try to shed new light to Laughlin's theory from the point of view of the soliton theory. Since the correspondence between the soliton theory and the string theory has been established [13] [14] our observation will complete the link of three different objects in physics, the QHE, soliton theory, and string theory. To this end we first derive vertex operator which generates Bäcklund transformation of Laughlin's wave functions and show the correspondence of this operator with the one of soliton theory. Secondly we derive a bilinear difference equation of Hirota type [15] which relates Laughlin's wave functions with different values of filling factor. Once we establish the equation characterizing Laughlin's wave function it enables us to find other solutions and investigate their physical meaning. In fact we will find a soliton type of solution besides Laughlin's wave function.
Let us start with reviewing briefly the notion of Laughlin state of the quantum Hall phenomena [3] . In quantum mechanics the electron system in two spatial dimension with the magnetic field perpendicular to the plane is exactly solved. The Hamiltonian is given by
We obtain the generic form of energy n and angular momentum m by acting the creation operators:
In the case of strong magnetic field only the lowest Landau level is realized due to the large energy gap. We concentrate our attention to the lowest Landau level wave function such as
In many body system with no interaction between electrons one can obtain the wave function in the tensor products of the Hilbert space of one body wave function by taking into account the statistics. The quantum Hall system, however, has not only the Coulomb interaction between electrons but also the impurity effect. It is, therefore, convenient to consider the variational function such as Laughlin's wave function since it is hard to obtain the exact many body wave function. From the analysis of two-and three-body problems Laughlin introduced the following variational function
Here m is an odd number due to Pauli's principle. According to the one component plasma analogy m is given by the inverse of the filling factor ν. Let us ignore, for a moment, the gaussian factor and consider the Jastrow part,
This satisfies the following equation
which is called Knizhnik-Zamolodchikov equation for c = 1 conformal field theory. From this fact it is natural to express (12) as a correlation function of vertex operators of the conformal field theory.
The vertex operator was first introduced in the context of study of the dual resonance model. This was applied to the Kadomtsev-Petviashvili (KP) hierarchy in ref. [16] - [18] as we shall mention below. The vertex operator V (k, z) for the Veneziano amplitude is expressed in terms of the string coordinate
where
and k is the momentum of the external line. The coefficients of z satisfy the following commutation relations,
The Veneziano amplitude is described as an N point correlation function, i.e.
provided the vacuum state is such that a n |0 = p |0 = 0. Comparing the Veneziano amplitude (18) with the Jastrow part (12) we find out that f is described by the vertex operators (14) in the case of constant momentum k 2 i = m, ∀ i . The point is that k i = 0 due to the momentum conservation. Thus we must consider −K| as a screening charge, where k i = −K, in advance. See ref. [10] for more discussions. Now we notice that another realization of (14) is possible if we write
Since the gaussian factor is not affected by the operation of a n we include it in the definition of the vertex operator. The product of two operators is of the form
which enables us to write Laughlin's wave function as,
with k 2 i = m, ∀ i . It turns out that this operator is quite similar to the vertex operator for KP hierarchy up to the gaussian factor and zero mode of the string coordinate (15) (16). In fact, if k i 's are the same sign in (21) we obtaiñ
moreover, expṼ (k j , z j ) = 1 +Ṽ (k j , z j ).
It is nothing but this fermionic nature which provides solitons as solutions to the KP hierarchy. The vertex operator for the KP hierarchy is given by
This is the operator which generates the Bäcklund transformation of the KP hierarchy. This fact suggests that the quantum Hall system is somehow related to the soliton theory. In other words, it might have a new interpretation of the QHE by means of the language in the soliton theory.
It has been proved that the soliton equations in the KP hierarchy are governed by HBDE [15] . The Laughlin functions are, however, different from the τ -function of the KP hierarchy. Therefore an interesting question is whether exist coefficients of HBDE which admit Laughlin's functions as solutions.
The general form of HBDE is given by
under the constraint
D i is the Hirota derivative with respect to the variable. Writing this explicitly we have
It is, however, more convenient to consider it in other set of variables:
This can be obtained by the use of the following sequential variable transformations:
and
The KP hierarchy is equivalent to (28) when the coefficients are given by
We like to derive HBDE which is satisfied by Laughlin's functions. To do this we rewrite it in the symmetric form, due to the conservation law of momenta:
The phase factor is nothing to do with the difference of k i 's because of the totally symmetric form. By substituting (35) into (31) directly we find out that it is a solution to HBDE provided the coefficients are given by
Since (35) 
The velocities p i 's of this soliton are subject to the following spectral condition
which relates p i 's to z i 's through (32) (33) and (29). The explicit form of the spectral condition is the following,
In the form of soliton solution (37) k i 's and p i 's stand for the coordinates and the velocities, respectively. As is shown p i 's depend on z i 's via (40). That is to say, the soliton has a certain information of the QHE through the values of the filling factor and the positions of electrons. The physical interpretation of their correspondence is under consideration.
In summary we like to remark the following:
1) We have shown that Laughlin's wave function is possible to be obtained by means of the solitonlike vertex operator (21) . It allows, however, the soliton picture of [16] - [18] only at k i = 1.
2) We have shown that Laughlin's wave function is a solution to HBDE with the coefficients of (36). This means that the operation of our vertex operator (21) causes the Bäcklund transformation. Namely, by performing the operation one gets another solution.
3) As is known, HBDE of the KP hierarchy has a vast solution space. It is natural that HBDE with the coefficients (36) has also other solutions. For example we presented soliton solutions explicitly which may represent suggestive properties of the QHE which may not be observed up to now.
4)The string soliton correspondence was accomplished [13] [14] via the Miwa transformation [19] which relates the momenta of strings to the time variables in the soliton theories:
The Laughlin theory is realized by restricting the values of k j to k 2 j = m. We like to recall that the same type of restriction of k j in (41) provides a basis of the 2D minimal conformal field theory associated with the matrix model of the 2D gravity [20] - [22] .
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